Oscillation theorems of quasilinear elliptic equations with arbitrary

nonlinearities
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Synopsis We establish oscillation criteria for solutions of quasilinear second order
elliptic equations. We do not impose any additional conditions on the nonlinear terms
except for the continuity. In particular, we can characterize the oscillation property of

every solution for autonomous equations.

1 Introduction and main results

In asymptotic theory of differential equations it is an important problem to determine
whether solutions of equations under consideration are oscillatory or not. The aim of this
paper is to establish oscillation criteria for solutions of quasilinear elliptic equations of

the form

Apu+a(z)f(u) =0, (1.1)

where A,, denotes the m—Laplace operator: A, u = div(|Du|™?Du),m > 1. To begin

with we give the definition of oscillation precisely:

Definition. A continuous function defined in an exterior domain in RY, N > 2,
is said to be oscillatory if there is a sequence of its zeros diverging to oo; otherwise

nonoscillatory.

The study of oscillation theory for nonlinear elliptic equations was initiated essentially
by Noussair and Swanson [12]. They presented effective oscillation criteria for (1.1) with
m =2 and f(u) = |u|]”"tu, o > 1, while the case m = 2 and 0 < o < 1 was treated in
2, 4]. The arguments in these works are chiefly based on asymptotic analysis of ordinary
differential inequalities which are satisfied by sorts of spherical means of positive solution
of (1.1). Hence it seems that such methods can not be applicable directly to (1.1) if

m # 2, or if f(u) is not a power-like function.
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On the other hand, without imposing any additional conditions on f(u) except for
the continuity oscillation criteria for (1.1) with m = 2 were established in [9]. Recently
in [10] oscillation criteria for (1.1) with m > 1 and f(u) = |u|""'u,o > 0, which can
be regarded as generalizations of earlier results in [2, 4, 12], have been obtained. The
main idea in [10] is a combination of comparison principles with asymptotic analysis of
ordinary differential equations which are associated to (1.1) in some sense. Related results
are found in [1, 11, 13, 15, 16, 17].

Motivated by these results, here we try to extend the results for the case m = 2 in [9]
to more general case m > 1 by proceeding further in these directions. Note that some of

our results below are new even though m = 2.

Let us consider equation (1.1) under the following assumptions:
(Ay) the space dimension N > 2, and m > 1.
(As) f € C(R; R) is an odd function such that uf(u) > 0, u # 0.

(A3) a is a nonnegative continuous function defined in an exterior domain in R".

As stated above, it should be emphasized that we do not impose any additional conditions
on f such as monotonicity conditions or asymptotic growth conditions as u — +0 or +oo.
Instead certain monotonicity conditions on a are required occasionally. Throughout the
paper by a solution of (1.1) (or the equation under consideration) is meant a function
which is defined near oo and satisfies (1.1) (or the equation under consideration) in the

classical sense unless otherwise stated.

To state our oscillation criteria we introduce auxiliary functions. Let a.,a* be contin-

uous functions defined near +o0 such that
0 < a.(|z]) <a(zx) <a*(|z]) near oo.
Our oscillation criteria are based on the following proposition of comparison type:
Proposition 1.1 If PDE (1.1) has a nonoscillatory solution u, then ODE
PN ENT ) 4 au(r) f(v) = 0 (1.2)
has a positive solution v satisfying

0 < o(r) < min |u(z)|

|z[=r



for sufficiently large r.

The following, which reduces oscillation criteria for PDE (1.1) to those for ODE (1.2), is

an immediate consequence of Proposition 1.1.

Corollary 1.2 If ODE (1.2) does not have eventually positive solutions defined near +oo,
then every solution of PDE (1.1) is oscillatory

Our results are as follows.

Theorem 1.3 Let m < N and a, be nondecreasing near +o0o. Then every solution of

(1.1) is oscillatory if

/Oo N a, (r) f <cr_%> dr =00 for all c¢>0. (1.3)

Theorem 1.4 Letm = N and r?a.(r) be nondecreasing near +o0o for some o < m. Then

every solution of (1.1) is oscillatory if
/ N ta,(r)f(clogr)dr = oo for all c¢>0. (1.4)

Theorem 1.5 Letm > N and r°a.(r) be nondecreasing near +o0o for some o < m. Then

every solution of (1.1) is oscillatory if (1.3) holds.

To see the sharpness of our oscillation criteria we give sufficient conditions for (1.1) to

have a nonoscillatory (weak) solution.

Theorem 1.6 Letm < N and ra*(r) be a monotone function near +oo for some o € R.

Then (1.1) has a positive (weak) solution u satisfying
N—m N-—m
cle|” 1 <wu(z) < el ae—x
near co for some constants cy,co > 0 if
> N—1_x —N=m
/ r " rat(r) f (cr ™ 1)dr<oo for some c¢> 0. (1.5)

Theorem 1.7 Letm = N and r°a*(r) be nondecreasing near +oo for some o < m. Then

(1.1) has a positive (weak) solution u satisfying
alog|z| <wu(z) < cploglz| ae —x
near oo for some constants cy1,co > 0 if

/ rNta*(r) f(clogr)dr < oo for some c¢> 0. (1.6)



Theorem 1.8 Letm > N and r°a*(r) be nondecreasing near +oo for some o < m. Then

(1.1) has a positive (weak) solution u satisfying
m—N m—N
cilx] =1 <wu(zr) < elz|m 1 ae —x
near oo for some constants cy,co > 0 if (1.5) hold.

Remark 1.9 When a(z) has radial symmetry, the positive weak solutions referred in
Theorems 1.6 - 1.8 can be made in such a way that they are classical radial solutions.

This fact follows from the proofs immediately.

When a(x) = 1, we may take a.(r) = a*(r) = 1. Therefore for the autonomous

equation

Aju+ flu)=0 (1.7)

we can completely characterize oscillatory behavior of every solution via Theorems 1.3 -

1.8 as shown below:

Corollary 1.10 (i) Let m # N. Then every solution of (1.7) is oscillatory if and only if

/OOTN_lf (7“_%) dr = oo.

(ii) Let m = N. Then every solution of (1.7) is oscillatory if and only if
/ N1 f(clogr)dr = oo for all ¢> 0.

Let m < N. Then Theorem 1.3 is not applicable if a, is not nondecreasing. However,
we expect that there are oscillation criteria for Eq (1.1) even though a.(r) may decrease

as r — +oo. The following may be applicable in such cases:
Theorem 1.11 Let m < N and
l‘nln inf |z[fa(x) >0 for some £ <m. (1.8)

Then every solution of (1.1) is oscillatory if

/ pN-1-t-e (T—JX%{‘) dr =00 for some &> 0. (1.9)



Example 1.12 Let m < N. Consider Eq (1.1) under the condition that

0 < liminf |z|a(x) < limsup |z|‘a(z) < co for some £ < m.

We then have the following statements by Theorems 1.6 and 1.11:
(i) If
/OO rN’l’Zf(r_%)dr < 00,
then Eq (1.1) has (weak) nonoscillatory solutions.
(i) If
/OO rN_l_é_Ef(r_%)dr =oo for some € >0,

then every solution of Eq (1.1) is oscillatory.

Remark 1.13 The monotonicity of a, required in the assumption of Theorem 1.3 can
not be dropped. The restriction “c > 0”7 in the assumption of Theorem 1.11 can not be

weakened to “e = 0”. To see these facts consider the equation
A m—2
Apu+ ——ul"u=0, N >m, (1.10)
x

for |z| > 1, where A > 0 is a parameter. This is an analogue to Euler’s equation, which
is obtained by putting m = 2 in (1.10). It is proved by Corollary 1.2 and some results in
6] that

m I

(i) every solution of (1.10) is oscillatory if A > (

m

(ii) there is a positive radial solution of (1.10) if 0 < A < (£=2)

For (1.10), by putting a.(r) = Ar™™ and f(u) = |u[™ ?u, integral conditions (1.3)
and (1.9) with € = 0 and ¢ = m are satisfied. But as stated above, Eq (1.10) does have

nonoscillatory solutions if A > 0 is sufficiently small.

Remark 1.14 The restriction “¢ < m” in the assumption of Theorem 1.11 is best possible

in some sense. In fact, the equation

1
Amu+Wf(u):0, |ZE| >1, N >m, 5>0,

has positive radial solutions near oo for any f(u) ; see [10].



The organization of the paper is as follows. In §2 we give the proof of Proposition 1.1.
To show this proposition we will need several steps. In §3 we give the proof of Theorems
1.6 - 1.8. The proof is based on the supersolution-subsolution method. Since suitable
supersolutions will be made as solutions of quasilinear ordinary differential equations
associated to PDE (1.1), our main efforts are devoted to constructing positive solutions
of such quasilinear ordinary differential equations. The authors believe that the results
in §3 are of independent interest. Finally in §4 we give the proof of oscillation criteria

Theorems 1.3 - 1.5 and 1.11.

2 Reduction to one-dimensional problems

In this section we give the proof of Proposition 1.1. Actually we will study more general
equation than (1.1) for future reference.

Let us consider the equation
div(A(|Dul)Du) + G(x,u) =0 (2.1)

in an exterior domain Q C RY, N > 2, under the following conditions:

(By) A € C([0,00);]0,00)) is such that sA(s) > 0 for s > 0, sA(|s|) is of class
Cl, (sA(s)) > 0 for s > 0, and lim,_, sA(s) = o0 ;

(B2) G € C(©2 x R;R) is an odd function with respect to u, and there is a function
g € C([ro,o0) x R;R) such that

G(z,u) > g(Jz|,u) >0, |z|>rg, u>0,

where 7o > 0 is a sufficiently large number ;
(B3) g(r,u) is an odd function with respect to u, and satisfies g(r,u) > 0 for r >

o, u > 0.

For simplicity we often denote the operator div(A(|Du|)Du) by Qu; and hence Eq
(2.1) is rewritten simply as
Qu + G(z,u) = 0.
Eq (1.1), which we are interested in, surely satisfies (B;)-(B3) with
A(s) = Is|™ 2,
G(z,u) = a(z)f(u); and g(r,u) = a.(r) f(u).
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It should be noted that for radial functions v(r), r = |z|,

Qu(r) = r' =N (r LA ')

= (A D) + LA (22

In what follows we occasionally regard () as an ordinary differential operator given by

(2.2) when @ acts on radial functions.

Theorem 2.1 If PDE (2.1) has a nonoscillatory solution u, then the quasilinear ordinary

differential equation
Qu+g(r,v) =0 (2.3)

has a positive solution v(r) satisfying

0 < o(r) < min |u(z)| (2.4)

|z|=r

for sufficiently large r.
The following is an immediate consequence of Theorem 2.1:

Theorem 2.2 [f ODE (2.3) has no eventually positive solutions, then every solution of
PDE (2.1) is oscillatory.

Proposition 1.1 in Section 1 is one of special case of Theorem 2.1.

To prove Theorem 2.1 we need several preparatory considerations.

Lemma 2.3 Let B CC Q be a bounded domain with smooth boundary 0B, and w; and

wy be positive functions on B satisfying

Qu, — Cw} > Qwy — Cwh in B
wy > wy; >0 on 0B,

where C' > 0 and p > 0 are given constants. Then wy > wy in B.

Proof. Put

Since Qu; — Quw; > C(w] — wh) in B, we have
(Qui — Quy)n(wy — wy) > C(wf) — wh)n(w, —wy) >0 in B.

Therefore the proof is essentially the same as that of Proposition 1.1 in [10].
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Lemma 2.4 (asupersolution-subsolution method of quasilinear ODEs) Let h € C([R, b]x
R;R), 0 < R < b, be a locally Lipschitz continuous function. Suppose that v and v are,

respectively, a supersolution and a subsolution for the two-point BVP

Qu = h(r,v) in [R,b];
v(R) = v, v(b) =y

(2.5)

satisfying v < v on [R,b|, where vy and vy are given constants. Then there is a solution

v of BVP (2.5) satisfying v <v < v on [R,D].

Proof. Put

Since h is bounded on [R, b] x R, as in the proof of Lemma 5.3 in [8] we can find a solution

v of the BVP

Qu = h(r,v) on [R,b];
v(R) = vy, v(b) = vy.

It suffices to show that v < v < v on [R, ).

(2.6)

To this end suppose the contrary that v > © at some point in (R,b). Then there is a
subinterval (¢, d) C (R, b) such that

v>7v in (c¢d);
v="0 at r=c¢d; (2.7)
v'(c) > v'(c), v'(d) <V'(d).

Put sA(|s|) = ®(s). Integrating (2.5), we have
d""H{2(v'(d)) — 2(v'(d))} =" H{e(V(c)) — 2(v'(d))}
+/ sV h(s,v(s)) — h(s, 0(s))}ds.

By (2.7), the left-hand side of the above is nonpositive, while the right-hand side nonneg-
ative. Therefore it follows that v'(c) = v'(¢) and v'(d) = v'(d). We recall that

(r o' (r)) = vV, o(r)) > (WY TIR@(r)), c<r<d.

Integrating this inequality on [c,7], ¢ < r < d, we have rV=1®(v/(r)) > rN=1®(?'(r)) on

e, d]; that is, v/(r) > ¥/(r) on [¢,d]. Hence the function v — @ is nondecreasing on |c, d].

8



Since v — 0 = 0 at r = ¢,d, we find that v = © on [¢,d]. This, however, contradicts
property (2.7). Hence we get v < v on [R, b].

Similarly we can prove v > v on [R,b]. The proof is complete.
Lemma 2.5 Let h € C((0,00);(0,00)), k € C([R,b];R), and vy and vy be given positive
constants. Then the two-point BVP

Qu —h(v) +k(r)=0 on [R,b];
v(R) = vy, v(b) = v9

(2.8)

has a positive supersolution.

Proof.  Since lim,_., sA(s) = 0o, there is a sufficiently large number ¢ > 0 satisfying

A(le™r - te' > ;f—g on [R,b].

Note that we obtain obviously

N -1
(A(Ce™) - te') + TA(Keer) e > k(r) on [R,b].

Having chosen such an ¢, we next choose a constant C' = C'(¢) > 0 so that
C—e">0 on [R,D]
C—€£R>U1, C—€£b>1}2.

Then the function 9(r) = C' — e (> 0) is a supersolution of BVP (2.8). In fact, we have
Qu(r) < —k(r) < —k(r)+ h(v(r)) on [R,b].

This completes the proof.

For a positive solution u(z) of (2.1) on the annulus R < |z| < b we put

This notation will be employed in the sequel.

Lemma 2.6 Suppose that there is a positive solution u(x) of (2.1) on an annulus R <

|z| <b. Then the two-point BVP

Qu+g(r,v) =0 in [R,Db];

(2.9)
v=1u at r=R,Db,
has a positive solution v(r) on [R,b] satisfying
0<wv(r)<a(r), R<r<hb. (2.10)



Proof. Put

uy = min u(z), u*= max u(x)
R<|z|<b R<|z|<b

and define the set B by
B={(r,u) : R<r <b, u, <v<u"}.

Step 1. We firstly prove this lemma under the additional condition that g(r, u) is Lipschitz
continuous on B. Let C' > 0 be a sufficiently large number such that the function

g(r,u) + C'u is nondecreasing with respect to u on B. Consider the BVP

Quw — Cw + {g(r,a(r)) + Ci(r)} =0 on [R,b]; (2.11)

w=u at r=R,b.

The constant function w = w, is a subsolution of (2.11). On the other hand Lemma 2.5
implies that there is a positive supersolution @ of (2.11). Since the supersolution referred
in Lemma 2.5 can be made as large as we desire, we may assume that w < w on [R,b].

Hence by Lemma 2.4 BVP (2.11) has a solution w squeezed by w and w. Observing that
Qu(|z]) — Cuw(lz|) = —{g(Jz], a(lz])) + Ca(|x[)}

—{G(z,u(x)) + Cu(x)}
Qu(z) — Cu(z), R<|z| <),

A%

v

and u(z) > u(|z]) = w(|z|) on |z| = R,b, we have via Lemma 2.3 u(x) > w(|z|) on

R <|z| < b. This implies that

Therefore we find that

Qu(r) + g(r,w(r)) = {g(r,w(r)) + Cw(r)} — {g(r,a(r)) + Ca(r)} <0

for r € [R, b], which implies that w(r) is a supersolution of BVP (2.9). Since w(r) > u.,
and the constant function u, is a subsolution of (2.9), we obtain a solution v of (2.9)
satisfying

u, <o(r) <w(r) <a(r), R<r<b.

Step 2. Next we consider the general case. Let {g,(r,v)} be a sequence of C*°-functions
on B such that
g(r,v) > g,(r,v) >0 for n€ N on B;

10



and

lim g,(r,v) = g(r,v) uniformly on B.

n—oo
The existence of such a sequence can be proved, for example, by the approximation
theorem of Weierstrass.

By Step 1 we can construct a sequence {v,} of positive functions on [R, b] such that

Qup + go(r,v,) =0, R<r<b
R, b;

R <r <hb.

v, =U at

u(r),
Therefore {v,} is uniformly bounded on [R, b]. Note that for each n € IN the formula
N-

R
v (r) =& [ cprt n(s,0,(8))ds |, R <r<b,
)

holds, where ¢, is the constant satisfying

/ s (N - (t)N ot vn<t>>dt) ds = i(b) — a(R).

This shows that {c,} is bounded, and that {v/,} is uniformly bounded on [R, b]. From the
Ascoli-Arzela theorem it follows that there is a subsequence {v,, } C {v,} converging to
a positive continuous function v uniformly on [R,b]. We may assume that lim,, . ¢,, =
¢ € R. Letting n;, — oo in the equality
r s 7\ N1
Up, (1) = u(R) +/R ot <an81N _/R (g> G (t, Uy (t))dt) ds, R<r<b,

we obtain

o(r) = @(R) + /R o1 (cslN ~ /R (£>N_1g(t,v(t))dt> ds, R<r<b

It is easily seen that v is a positive solution of BVP (2.9) satisfying (2.10). This completes
the proof of Lemma 2.6.

Lemma 2.7 Let R < Ry < Ry. Then we can find a constant C' = C(R, Ry, Ry) > 0 such
that
v(r)>C, R<r<R, (2.12)

for any positive function v satisfying

Qu(r) <0, R<7r <Ry
v(R) = i(R).
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Proof. Let ¢ > 0 be a unique constant satisfying

Put

Then we have
Q'LU(T) = 07 R S r S R27

w(R) = u(R), w(Rs) = 0;

w(r) >0 on [R,R,).
By Lemma 2.3 v(r) > w(r) on [R, Ry]. Therefore we obviously obtain (2.12) by putting
C' = ming<,<g, w(r) > 0. This completes the proof.
Proof of Theorem 2.1. Let u be a nonoscillatory solution of Eq (2.1). We may assume

that u(z) > 0 for |z| > R, R being sufficiently large. Let {b,}5%, be a sequence satisfying

R<b<by<---<b,<---; and lim b, = 4o0.

n—oo

By Lemma 2.6 for every n € N we can find a function v, on [R, b,] satisfying

0 <wvp(r) <a(r), R<r<b,. (2.13)

We will show that {v,}5°, contains a subsequence tending to a desired solution of (2.3)
on every finite subinterval of [R, c0).

Let i € N be fixed, and consider the sequence {v, }22,,, on [R,b;]. By Lemma 2.7 and
(2.13) we can find constants C} (i) and Cy(7) not depending on n > i + 1 satisfying

0<Ci(i) Swvp(r) <Cy(i) on [R,b;] for n>i+ 1. (2.14)
We observe that, for n > ¢ + 1, v, satisfies the formula

o (r) = &1 <c(n, DN / ' (f)N_l g(s,vn(s))ds)  R<r<b,

R T

Here the constant ¢(n,i) € R is such that

/Rbi ot (c(n,z’)slN B /RS (E)N_l g(t, vn(t))dt> ds = u(b;) — u(R).
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Since {g(t,v,(t))}22,,; is uniformly bounded on [R,b;] by (2.14), we obtain |c(n, )| <
Cs(i) for n > i+ 1 with some constant C5(i) > 0. Accordingly

[0, (r)] < Cy(i) on [R,b;] for n>i+1

for some constant Cy(i) > 0. From the above argument, Ascoli-Arzela’s theorem, and the
diagonal argument we can find a subsequence {v,} C {v,} and a continuous function v,
on [R, 00) such that {v,} converges to v, on each finite interval in [R, c0). Note that, by
(2.13) and (2.14), 0 < v (r) < a(r) on [R, 00).

Let R <r <b;. We know that for all sufficiently large p

T s N-1
t
v,(r) = u(R) —|—/ ot (c(u,i)sl_N —/ (—) f(t,vu(t))dt> ds.
R R \S
We may assume that lim,_. c(p, ) = (00, 1), ¢(00,%) being some constant. Let y — oo
in the above formula. We then obtain on [R, ;]
T S N*l
N -1 N =N ¢
Voo (1) = 1(R) —I—/ P (c(oo,z)s —/ (—) f(t,voo(t))dt> ds.
R R \¥
This identity shows that v, (r) is a positive solution of Eq (2.3) on [R,b;]. Since i € N
is arbitrary, we know that v, (r) is a desired solution of Eq (2.3) satisfying (2.4). This

completes the proof.

3 Existence of nonoscillatory solutions

The proof of existence theorems of nonoscillatory solutions is based on the supersolution-
subsolution method which is formulated, for example, in [5].

To explain briefly how we adapt this method, let m < N. The function v(x) =
cy|a|~W=m/(m=1) i a subsolution of (1.1) for any constant ¢; > 0 because A, v(x) = 0.

Next let ©(r) be a positive solution of equation
PN (N 2 4t (r) f(v) = 0. (3.1)

Obviously we know that o(|z|) is a supersolution of (1.1). Hence, if we can construct a

(N—m)/(m—1)

solution © of (3.1) in such a way that v ~ cor~ as 7 — oo for some constant

co > 0, we can conclude that Eq (1.1) possesses a positive (weak) solution u satisfying
N-—m N—m
eslz|” 1t <w(z) < eqlx|” w1 ae. —x near oo
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for some constants c3,c, > 0. This argument is essentially the proof of Theorem 1.6.
Therefore in this section most of our effort is devoted to finding suitable positive solutions
of (3.1).

As in Section 2 we shall give more general results than are applicable to prove the

existence theorems. Let us consider the ODE
(p(r)|['|*" ') + q(r)h(v) =0, (3.2)

where we assume that
(C1) @ > 0 is a constant ;

(C2) .1 € C([Ro, 00); (0, 00), and p satisfies
/ p(s)"Vds < oo;

Since our purpose is to find appropriate solutions of (3.1), we do not impose any other
conditions on h(r) except for its continuity. Sometimes we must solve more restrictive

equations than (3.2):
(r]'[*7") + g(r)h(v) = 0, (3.3)

where § > « is a constant. Notice that, (3.2) and (3.3) are essentially the same as (3.1)
with m < N.

Under assumption (Cy), we can define the function 7(r) by

m(r) = / p(s)_éds.
For (3.3), m(r) is given by n(r) = -L-r~(#=a)/a

Proposition 3.1 Suppose that p(r)"/*q(r) is nondecreasing near +o0o. Suppose in addi-

tion that there exists a constant ¢ > 0 such that

/ q(s)h(em(s))ds < oo. (3.4)
Then equation (3.2) has a positive solution v near +o0o satisfying

lim v(r)

) = const > 0.
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Proof.  We first observe that v is a positive solution of (3.2) if v satisfies

o(r) = / h p(s)™ (ca - / h q(t)h(v(t))dt)é ds. (3.5)

We note that by the change of variable ¢m(s) = 7 the condition (3.4) is equivalent to

Lo (D)) o (w7 (5)) ot < o .

Let d € (0,c¢) be fixed. Then, by (3.6), it is possible to choose b € [Ry, 00) so that

i ) e <o

1'is the inverse function of m. Let C'[b,00) be the Fréchet space with the

where 7~
topology of uniform convergence of functions and their first derivatives on every compact

subinterval of [b, 00), and X be the set of all function v € C*[b, c0) satisfying

and

dp(r)"= < —'(r) < ep(r)~a, r>b. (3.8)

v Hr) <7t (Z> . 0< 1 <w(b), (3.9)

C

and

! <§> <v (1), 0<7<dn(b).

Consider the mapping F : X — C1[b, c0) defined by

-

Fo(r) = /roo p(s) % (ca - /:O q(t)h(v(t))dt> R,

We claim that F has a fixed element in X via the Schauder-Tychonoff fixed point theorem
[14, Theorems 2.3.8 and 4.5.1]. To this end, we show that F is a continuous mapping
from X into itself such that F(X) is relatively compact.
(i) F is well-defined on X and F maps X into itself. Let v € X. Then, by the change
of variable 7 = v(t), we have
°° ) gu () h(r)
/s q(t)h(v(t))dt:/o Wdr, s>0D.

15



From (3.8), we have
1 p(vH(r)«
1) S d

Using this inequality, (3.7), (3.9) and the nondecreasing property of p

Veq, we get

00 v(b) L
| atmteni<g [ p @)t )

om (b) T\\ & (T
i, @) o () e

<c®* — d*.

Hence we see that

d< <c°‘ - /:O q(t)h(v(t))dt)a <e

Therefore, we can easily see that F is well-defined on X and that F(X) C X.
(i) F is continuous. Let {v,} C X be a sequence converging to v € X in the topology
of C'[b, ). Put

and
o(r) = plr) ( -/ °°q<s>h<v<s>>ds) | (3.10)
Then we obtain for » > b

|9n(r) = g(r)| < p(r)~ /Oo q(s)|h(vn(s)) — h(v(s))lds,

1

| Fun(r) — Fo(r)] < / T gn(s) — g(s)+|ds, (3.11)

Q=

[(Fua) (1) = (Fo)' ()] < [ga(r)= — g(r)=]. (3.12)

Let e > 0 be an arbitrary number. Then, by using similar argument as in (i), it is

possible to choose b = b(¢) > b so that

/;0 q(s)h(v,(s))ds < e and /;o q(s)h(v(s))ds < e.

Therefore, we see that

/boo q(s)|h(vn(s)) = h(v(s))|ds < 2e + /b q(s)|h(vn(s)) = h(v(s))lds.

This implies that {g,} converges to g uniformly on every compact subinterval of [b, 00),

and hence {g}/ “1 converges to g'/® uniformly on every compact subinterval of [b, 00).
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From this fact and (3.12), we conclude that {(Fv,)'(r)} converges to (Fv)'(r) uniformly
on every compact subinterval of [b, 00). Since |g,(s)"/* — g(s)"/%| < 2¢cp(s)™"/* and (C»)
holds, the Lebesgue dominated convergence theorem implies that {Fuv,(r)} converges to
Fu(r) uniformly on [b,00). This shows that {Fuv,} converges to Fv in the topology of
C'[b, 00), proving the continuity of the mapping F.

(iii) F(X) is relatively compact. To see this, it suffices to prove the equicontinuity of
the set {(Fv);v € X} on every compact subinterval of [b, 00).

Let R > b be fixed and let b < r; < ry < R. Then

Q=
Q=

(Fv)'(r1) — (Fo)'(r2) = (9(r2)= — (g(r1))=,

where g is defined by (3.10). Using the inequalities

1

(g(ra))a — (g(r))=| < |g(ra) — g(r)]= for a>1;

and
(9% — (g(r)EL < ~1g(O'F lg(r2) — g(r)]

Cl—a

p(€) 5 g(rs) — g(r)| for 0<a <1,

VAN

a
where £ € [r1, 2], and

19(r2) — g)| = ]6 (ca— /“q<3>h<v<s>>ds>_ ! (ca— /mq<s>h<v<s>>ds)

1 1 - h s)h(v(s))ds 1 h s)h(v(s))ds
< ‘pm)‘p(m (c [ atomed his) + o JACLEC
a| 1 — ! 1 N s)h(v(s))ds
S ooy o D A
af 1 - 1 ! h s)ds max
= ¢ p(ra)  p(r1) +p(r1) (/1 a(s)d ) [d(R),cm (b)] he),

we conclude that F(X) is equicontinuous on [b, R]. It follows that F(X) is relatively

compact in the C*-topology.
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Thus, by the Schauder-Tychonoff fixed point theorem, there exists an element v € X
such that v = Fu; i.e,

o(r) = /roop(s)_(lx <ca _ /:O q(t)h(v(t))dt); ds, >

Differentiating this equation, we see that v is a positive solution of (3.2) on [b, 00). We

also see that, by L’Hospital’s rule,

P e T )
= lim (ca_ / h q(s)h(v(s))ds)a

The proof is complete.

Proposition 3.2 Suppose that r7q(r) is a monotone function near +o0o for some o € R.

Suppose moreover that there exists a constant ¢ > 0 such that

/OO q(s)h(cs’B?Ta)ds < 0. (3.13)

Then equation (3.3) has a positive solution v near +o0o satisfying

lim rﬁt_Tav(r) = const > 0.

T—00

Proof. We prove only the case that the function 77¢(r) is nondecreasing, since the other

case can be treated similarly. As before, it suffices to solve the following integral equation:

o(r) = 2 —2 /roo 2 (ca _ (6 o a)a/:o q(t)h(v(t))dt); ds.

We first notice that by the change of variable cs~(3~®)/® = 1 (3.13) is equivalent to

/07-_,6’6&(] ((;)gaa) h(7)dr < 0.

Let d € (0,c¢) be fixed. Then it is possible to choose b € [Ry, 00) so that

o

B—ao o
a+1dﬂ B—a cK(b) N %a
a ¢ / T B-agq ((E> ’ > h(r)dt < ¢ —d?,
0 T

(B=a)d

where K (b) = b®=9/> We may assume that o > g, since r7¢(r) is nondecreasing for any
& > 0. Let X be the set of all function v € C'[b, 00) satisfying

drs" < v(r) < craTiﬁ, r >0,

18



and

—ﬁ_acr_g <'(r) < —ﬁ_adr_g, r>b. (3.14)
o «
For v € X we have
d\ 7 e\ 5%
- <v )< (= < . )
(O crme @ versw o

Consider the mapping F : X — C[b, 00) defined by

For) = ﬁ_“/jos— <c°< - (ﬁfa)a/:oq(t)h(v(t))dt)ids, r> b,

«Q
We claim that F has a fixed element in X. As before we show that F is a continuous

ol e

mapping from X into itself such that F(X) is relatively compact.
Let v € X. Then, by the change of variable 7 = v(r), we have

< g DA
/b G(Oh(u())dt = /0 e r

From (3.14), (3.15) and nondecreasing property of r7¢(r), we get

00 a v(b) . 8 .
| awneoa < [ pmmpiae m)mear

o' v(b) )
:m/o {0*1(T)}Efa{yfl(T)}Uq<vfl(7_)>h(7_)d7_

<<5 - O‘>a (¢ — d%).

Using this inequality, we can easily see that F is well-defined on X and that F(X) C X.
As in the proof of Proposition 3.1, we can prove that F is continuous and that F(X) is
relatively compact. Therefore, we find that there exists a v € X such that v = Fv by the
Schauder-Tychonoff fixed point theorem. It is verified that this fixed point v is a desired
positive solution of (3.3). This completes the proof.
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We are now in a position to state existence theorems of positive solutions to equation

(3.1) which are supersolutions of PDE (1.1):

Theorem 3.3 Let m < N and r?a*(r) be a monotone function near +oo for some o €
R. Suppose in addition that (1.5) holds. Then equation (3.1) has a positive solution v
satisfying

. N—m
lim r==1v(r) = const > 0.

Theorem 3.4 Let m = N and ra*(r) be nondecreasing near +oo for some o € R. Sup-

pose in addition that (1.6) holds. Then equation (3.1) has a positive solution v satisfying

lim ﬂ = const > 0.

r—oo log r
Theorem 3.5 Let m > N and r°a*(r) be nondecreasing near +0co for some o € R. Sup-
pose in addition that (1.5) holds. Then equation (3.1) has a positive solution v satisfying

lim UTEZ)V = const > 0.

r—00 r m—1

Theorem 3.3 is a direct consequence of Proposition 3.2. To prove Theorems 3.4 and
3.5 we put t = rm=N/m=1 (> N), and t = logr(m = N), respectively. Then equation
(3.1) is transformed into

(Jo]™20) + a(t) f(v) =0, (3.16)

where "= d/dt and

m—1\" me-1n m—1
t m—N * t'rLfN > N
<m — N) a’( ) m ’

eNa*(e'), m=N.
Ordinary differential equations of this type have been treated fully in [3]. In particular,
we can prove Theorems 3.4 and 3.5 by applying [3, Theorem 2.1].
The essence of the proof of Theorem 1.6 has been given in the introductory part of this

section. Hence we leave it to the reader. Theorems 1.7 and 1.8 can be proved similarly.

4 Proof of Oscillation Theorems

By Corollary 1.2, to prove oscillation theorems of Eq (1.1) it suffices to show the nonexis-
tence of eventually positive solutions of ODE (1.2) under the conditions indicated in each
theorems.

To prove Theorem 1.3, as well as Theorem 1.11, we need the following lemmas:

20



Lemma 4.1 Let m < N and v(r) be a positive function satisfying (r’¥ ~*v'|™=20") < 0

forr > 1y > 0. Then we have

(i) v is of constant sign near + oo ;
(i) v=0(1) as r — oc;

m— 1
N—m
(iv) lim infr%v(r) > 0. (4.2)

T—00

(iii) v(r) > r(—v'(r)) near + oc; (4.1)

Proof. (i) This is easily verified because r¥ ~[v/|"~2¢/ is a decreasing function on [rg, 0o).

(ii) We observe that
rY T ()R (r) < co =gV (o) (r0), 7 2> o

Therefore we have v/(r) < dor=N="D/0m=1 " > 1 where dy = \colﬁ_lcg. Since (N —
1)/(m —1) > 1, an integration of this inequality yields

N-1

v(r) <wo(rg) + |d0|/ s~ m=1ds = const € R.
T0

iii) Obviously we may assume that v < 0, » > ro. Let s > r > rqg. Since
y y

rN=1(—v)™=! is an increasing function, we have
SN—I(_UI(S))m—l Z TN_l(—U/(’I“))m_l,

that is

N-1 N-1

() 2 o (=0 (),

-

Integrating the both sides with respect to s from r to +o00, we obtain

N

—v(+00) +v(r) > rn-1(—v'(r)) /OO s~ m=1ds.

[un
[un

We can immediately get (4.1) by this formula.
(iv) Rewrite (4.1) in the form

An integration of this inequality gives (4.2).
The proof of Lemma 4.1 is finished.
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Proof of Theorem 1.3. We will show that ODE (1.2) does not have eventually positive
solutions. To this end suppose the contrary that (1.2) has an eventually positive solution

v(r). By (i) and (ii) of Lemma 4.1 we have the following three possibilities:

Case (a): v >0 near + o0 ;
Case (b): v/ <0 near + oo and wv(4o00) >0 ; (4.3)
Case (c): v <0 near +oo and v(400)=0.
Suppose firstly that Case (a) occurs. By (ii) of Lemma 4.1 we know that the limit
lim, o, v(r) = ¢y exists as a finite positive number. An integration of Eq (1.2) gives
P [ S e)s e,
o
where ¢; € R is a constant, and o > 0 is a sufficiently large number satisfying v'(r) > 0
on [rg,00). We may assume that a, is nondecreasing on [rg, 00). Accordingly we have
[ sMau(s) f(v(s))ds < oo. Since a, is nondecreasing, and f(v(s)) is bounded away
from zero, this implies that frzo sN~1ds < oo, an obvious contradiction. Hence Case (a)
never occurs.
Secondly suppose that Case (b) occurs. We may assume that v* < 0 on [rg,o0).
Integrating twice Eq (1.2), we obtain
1
—v(r) +v(rg) = /T s mo1 (co + /S tN_la*(t)f(v(t))dt> " ds, T >0,
ro 70

where ¢y = —rg|v(r)|[™ ! < 0. Then as in Case (a) we have a contradiction:

1

oo N—1 s m—1
/ s m—1 (/ tN_ldt) ds < 0.
T0 To

Suppose finally that Case (c) occurs. Let v(r) > 0 and ¢'(r) < 0 on [rg,00). We find

by (iv) of Lemma 4.1 that

v(r) > cor m 1, r>rg (4.4)

w(r) = (F”l(”)ml, r > 7. (4.5)

A simple computation shows that w satisfies

rw/ = (m — 1)'&]% — (N — m)w + ) r Z To. (46>

22



Moreover, by (iii) of Lemma 4.1, we have

0<wm < (=™ s (4.7)
r>rg. )
w\r m— 1 s = To
Below we will show
/ TN_la*(r)f(cor%_—le)dr < 00, (4.8)

which contradicts our assumption (1.3). Actually we will show the property

/0 S, ((%) Z"HN> f(2)dz < o0, (4.9)

which is equivalent to (4.8). By the change of variable z = v(r), (4.9) can be rewritten as

[ o, ((ﬁ) ) 1) wr)mrdr < o,

Co T

where w(r) is given by (4.5). From (4.4) and the increasing nature of a., it suffices to

show that

1

/ o) 5 ) o) Y g < oo (4.10)

* oy
v(r)m-1 s r ’
and w = O(1), we have
1
N—mN w(r)m—l

) ol
e {w/ n (N —m)w —r(m — Dwm-1 } v(r)"fvi’ﬁfr—m’ -

V'(r)  wmt
v(r) r
gives
log v(r) _ _/ wm—1 s,
v(ro) oS

or equivalently




It follows therefore that for some constant Cy > 0

mm? —m? [T wn "
v(r) N=m ™™ = Cyexp _nom L ds) exp <—/ Tds)
T0 S

N-—m S

To

1
"N —m — — 1wm-T
= (Cyexp _NTm/ m— (m Jw ds), r> 7).
o

Hence the integrand of (4.10) is estimated as follows:

N—mN w(r) 7rL171

o(r) 5= an(r) f(v(r) ==
<Cj {w’(r) + (N — m)w(r) - (m — 1)w(r)% }

r

1

"N —m— (m— Dw(s)mT
X exp (_Nn_zm/ m = (m = Dw(s) ds) . T >, (4.11)

S

where C3 > 0 is a constant. Let C' > 0 be a constant satisfying
C, > (4.12)

Then we can obtain

{w'm o N = m)u(r) = (m = Du(r)™ } . (_ m_ [N —m— (m—Du(s)75 ds)

< [{w(r)—é}exp <—NTm[:N‘m‘<m‘1)w<s>”l ds>], Pz (413

S

In fact, by computing the right-hand side of (4.13), we find that (4.13) holds if and only
if

m
N —m
which is equivalent to (4.12) by (4.7). Finally we integrate both sides of (4.11) and notice

w(r) < — {w(r) — C’}, r > 7o,
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(4.13) to obtain

I
3\
——
S\
©
+
=2
|
S
S
S
|
3
|
=
S
©

i\s
——

SN —m— (m—Dw(t)mr
X exp (— m m = (m = Dw(®) dt) ds

N—-m [/,

t
[{w(s) — C}exp <_N77_”Lm /s N —m— (mt— Lw(t)=T dt)]

0

IA

1

= —{C’ —w(r)}exp <_NTm /7’ N —m=(m=w(s)m ds) + const

S

< const, 1 >71g,

where we employ the inequality w(r) < %é < C. Therefore (4.10) holds, and so the
proof of Theorem 1.3 is finished.

Proof of Theorem 1.11. The proof is carried out, as before, by contradiction. Suppose
that Eq (1.1) has a nonoscillatory solution. Then ODE (1.2) has a positive solution v(r)
on [rg,00), 19 being sufficiently large. As in the proof of Theorem 1.3, we have three
possibilities (a),(b) and (c) referred as (4.3). We can easily see that Cases (a) and (b)
never occur, as before.

We assume that Case (c¢) occurs. We will show that the contradictory property
/ rN_l_é_Ef(r_%)dr < 00 (4.14)

holds for all sufficiently small ¢ > 0. By the change of variable u = r*%, (4.14) is
rewritten as

m(l—N+1)—¢
/u N=m O f(u)du < oo,
0

where § = #=Le. Moreover, by the change of variable u = v(r) we find that (4.14) is

equivalent to
/ o(r) =T f(u(r) (= (1)) dr < oo
Since v'(r) < 0, (1.8) shows that v satisfies the inequality

N-11
o \m—=2,.1 L _a\m—=2_ —L <0 >
(—v") vt —— r( V)T Feor T f(0) <0, >
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for some constant ¢y > 0 and r; > ryg. We therefore find that

m—N+1)—
v w0 f(v) (=)

nmy'/
—v m({—N+1)—¢ - m(l—N+1)—¢
< {( ) } rlo™ m=m 0 pept Ty T N (=, >y,

- m

where ¢; = (N —1)/(m — 1) > 0. Hence it suffices to show that the infinite integral

/:O HM}/T%(”WWMJFC”E1“(7")”W+6( v'(r))m} dr  (4.15)

m

converges. Integrating by parts, we have

[j[{ﬁiﬁi@ff},yv@)m“$ﬁ?Z+5+wh#%4sf“ﬁfl”e+%—m%s»}ds

m
1 ’ m(e— N+1) £+6 / m(e N+1) LICDES VT , m
= —Tri{—- - — d
() o (~v/(s))"ds
1 [{—m({l—N+1) 1Y) gl () PR 15
+m [ N " 5] /m( v'(s)) v(s) ds

+cl/ sg_lv(s)m(Z = ““5( v'(s))"ds

r1

1 m(e=N+1)= AW mN+1) =
= (=) e T ey (q - —> / s ho(s) " (< (s))mds
m m 71

m({—N+1)—¢
N—-—m

—1+5d8

N—m

+£V—mM—N+D_4

[ s

T1

Ay(r) + e+ (01 —~ %) Iy(r) +% V — mg:ng b _ 5} I(r), >,

where Ay, I, and I3 are defined by the last equality, and ¢ is a constant. For A;(r) we
find from (4.1) and (4.2) that

N—-—m v

0<A(r) < egrt (

RS

M m(—N+1)—¢
) o

7(m71)(mfi)
N-—m N—m )
= 3 (T m—1 v) v

C4U-, 7”27”17

where c3 and ¢4 are positive constants. Hence v(r) = o(1) as r — 4o00. On the other
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hand we have

/r Sé—l(_v/(s))m—lv(s)WJF(;(—U,(S))CL?

T1

oo [ 5 (M) o SR

S

0 S ]2(7”)

IN

IN

_ (m—=1)(m—£)

= ¢35 /TT <S]7V”_—TU(S)> T u(s) T (= (5))ds

IN

o [ ol v

1

= S0 =)}z

Hence I(r) = O(1) as r — +oo. Similarly we can see that, for any 6 > 0, I3(r) = O(1)
as  — 400. Therefore the infinite integral (4.15) converges, and so (4.14) is established.
This completes the proof.

Proof of Theorems 1.4 and 1.5. As before we show that ODE (1.2) does not have

positive solutions near 4+o00. Let us perform the change of variable ¢ = r(m=N)/(m=1)(

m >
N), and t = logr(m = N), which has been employed in §3. Then (1.2) is transformed

into Eq (3.16), where

<m_1) N 0N, m> N,

eMay(e'), m=N.

Applying the results in [3] we can easily prove the theorems. This completes the proof.
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