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Abstract
In this paper we consider positive solutions of second order quasilinear ordinary
differential equations with singular nonlinearities. We obtain the asymptotic equiv-
alence theorems for asymptotically superlinear solutions and decaying solutions. By
using these theorems, exact asymptotic forms of such solutions are determined. Fur-
thermore, we can establish the uniqueness of decaying solutions as an application
of our results.

1 Introduction

In this paper we consider second order quasilinear ordinary differential equations with
singular nonlinear terms of the form

(Jo/'|* M) = p(t)u™,  t > t, (1.1)

where @ > 0 and 3 > 0 are constants, and p € C*([ty, 00); (0, 00)). By a solution of (1.1)
we mean a function u such that v and |u/|* 'u’ are of class C', and u satisfies (1.1) near
~+00. Throughout this paper we shall confine ourselves to the study of these solutions.

Many authors have studied asymptotic properties of positive solutions of quasilinear
ordinary differential equations with singular nonlinearities. For example, the case a = 1
in (1.1) has been treated in [1, 2, 3, 4, 8, 11, 10], and the general case a > 0, for example,
in [7]. One of the generalized types of (1.1)

(fO ) = p(t)yu™

has been treated in [9].

Our main aim is to determine asymptotic forms of every positive solution of (1.1).
Asymptotic forms of positive solutions of (1.1) for the regular cases, that is, for the super-
homogeneous case (—3 > «) and the sub-homogeneous case (0 < —3 < «) have been
obtained in [5] and [6], respectively. So the results in this paper can be regarded as
analogues of those results. Furthermore our results improve some of the earlier results in
[11] even though o = 1.



It is known that for every positive solution u of (1.1), exactly one of the following four
cases occurs with respect to its asymptotic behavior:

(i)  decaying solution (we call such a solution ”type (D)” or ” (D) — solution”)

tlim u'(t) = tlim u(t) = 0;

(ii) asymptotically constant solution ("type (AC)”or ”(AC) — solution”)

tlim u'(t) =0 and tlim u(t) = const € (0, 00);

(i) asymptotically linear solution ("type (AL)” or ”(AL) — solution”)

lim «'(t) = lim @ = const € (0, 00);

t—o0 t—o0

(iv) asymptotically superlinear solution ("type (ASL)” or ”(ASL) — solution”)

lim o'(t) = tlim @ = +o00.

t—o0

Necessary and/or sufficient conditions for the existence of each type of solution have been
obtained in [7, 11]: Equation (1.1) has a solution of

type (D) if /OO /toop(s) (/:O (/Toop(x)d:r)a dr)ﬁﬁa ds é dt < oo;
type (AC) if and only if /OO (/Oop(s) ds) - dt < oo;
t
type (AL) if and only if /OO tPp(t) dt < oo; and
type (ASL) if and only if /OO tPp(t) dt = .

It is not known how positive solutions of type (D) and of type (ASL) behave near
+o00o. In order to give asymptotic forms of all possible positive solutions, it is essential to
determine asymptotic forms near +oo of positive solutions of type (D) and of type (ASL).

Since the asymptotic behavior of solutions of type (D) and of type (ASL) seems to
be influenced strongly by that of p(t), we often require an additional assumption for p,
which means that p behaves like the typical function ¢t near +oo, i.e.,

p(t) ~t7 as t — oo, (1.2)

where 0 € R. Henceforth the notation “f(t) ~ g(t) ast — o0o” means that lim; ., f(t)/g(t) =
1. In what follows we often write function p as

plt) = (1+ ()7,
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where () — 0 as t — oo.

When (1.2) is assumed, the results mentioned above and some known results yield
necessary and sufficient conditions for the existence of solutions of type (D), (AC), (AL),
and (ASL), respectively: Equation (1.1) has solutions of

type (D) if and only if 0 < —a — 1;

type (AC) if and only if 0 < —av — 1;

type (AL) if and only if 0 < § —1; and
type (ASL) if and only if 0 > 3 — 1.

To give an insight into our problem, let us consider the typical case p(t) = t°:
(|o'|* ) = t"u™". (1.3)
If o < —a—1oroc>(F—1,this equation has an exact positive solution of the form

c+a+1
wlt) = etk, k= ;’T; & = [ak|k|* L (k — 1)) V@49, (1.4)
Note that the conditions 0 < —a — 1 and ¢ > (3 — 1 are equivalent to £ < 0 and
k > 1, respectively. So ug is a solution of (1.3) of type (D) or of type (ASL) according as
0 < —a—1or o> —1. Therefore when function ¢ is sufficiently small near o0, we
naturally expect that the positive solutions of (1.1) of type (D) and of type (ASL) will
behave like 1y near +o00. In the paper we will show that this conjecture is true.

This paper is organized as follows. In Section 2 we establish asymptotic equivalence
theorems for positive solutions of type (ASL) and of type (D), which play very important
roles when we determine the asymptotic forms of solutions of these types. In Sections 3
and 4 we give the asymptotic forms of solutions of type (ASL) and type (D), respectively.
In Section 5 we show the uniqueness of (D)-solutions.

At the end of this section, we introduce the next lemma, which is very useful when we
show that some positive solutions of (1.1) are asymptotic to wuy.

Lemma 1. Suppose that (1.2) and either 0 < —a —1 or o > [ — 1 holds. Let u be
a positive solution of (1.1) and ug be given by (1.4). Put v = u/ug and t = e*. Then v
satisfies the equation

B4 (2k — )0+ k(k — Do = k(k — D]k (1 + &(s)) |0 + kv| 077, (1.5)
where " = d/ds and £(s) = (e*).

2 Asymptotic equivalence theorems

Let us consider the following two equations of the same form for ¢ > t¢q:
(|2'|* ") = a(t)z =P, (2.1)
(ly'1°ty') = b(t)y ™7,
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where a > 0 and [ > 0 are constants, and a,b € C([ty, >0); (0, 00)).

Theorem 1. Suppose that 0 < 3 < o and

limﬂzl.

=0

(i) Let x and y be (ASL)-solutions of (2.1) and of (2.2), respectively, such that
liminf; o x(t)/y(t) > 0. Then x(t) ~ y(t) ast — oc.

(ii) Let = and y be (D)-solutions of (2.1) and of (2.2), respectively, such that
liminf; o z(t)/y(t) > 0. Then x(t) ~ y(t) ast — oc.

Proof. We prove only (i) because (ii) can be proved similarly.
From the assumption, there exist constants d,m > 0 such that b(t) > da(t) and
my(t) < z(t) for large t. We then obtain from (2.1) and (2.2) that

x(t

—B
—)) = 5P (1))°]

m

/(0] > da(t) (

for t > t;, which is sufficiently large. Integrating this inequality on [t1, ], we have y/(t) >
c12'(t) for some constant ¢; > 0 near +o00. One more integration shows that

. (t)
limsup —= =L € (0,0

exists. Let us put

lim inf &
t—oo y(t)

Then a variant of I’'Hospital’s rule [6, Lemma 2.3] yields

/ / a—1,./ é
L = limsupﬂ < limsup :U/(t) = (limsup M)
t—oo Y(t) t—oo Y'(t) t—oo Y (B)]* Y (1)

N (4 0] 0) A A (L O R
= (1 msup [|yf<t>|a—1y'<t>]') (1 tampbu)y(w-ﬁ) =

Similarly we obtain | > L~%/¢. These inequalities mean that LI%/® < 1 < [LP/* ie.,
[B/)=1 < LIB/*)=1 Since 0 < B < «, this implies that L =1 = lim, .., x(t)/y(t) = 1, i.e.,
x(t) ~y(t) ast — oco. O

[ € (0,00).

8

3 Asymptotic forms of asymptotically superlinear so-
lutions

In this section we will determine asymptotic forms of (ASL)-solutions. From the obser-
vation in Introduction, we already know that equation (1.1) has an (ASL)-solution if and
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only if

/OO t=Pp(t) dt = oco. (3.1)

Throughout the section we assume (3.1).

For the sake of convenience, we introduce auxiliary positive functions Q(t) and R(t)
defined by

Q) = [ spts)ds
and

Rmz[mww%w

respectively. Clearly lim;_,o, Q(t) = limy_o, R(t)/t = oo since (3.1) is assumed.
First we prepare the following lemma for the estimates of growth rate of (ASL)-
solutions.

Lemma 2. Suppose that (3.1) holds. Then any (ASL)- solution u of (1.1) satisfies

1/(a+p)
lim inf u(t) > ath )
t—oo  R(t) o

(3.2)

Proof. Since u' is eventually monotone increasing, we have for ¢t > ¢;
t
u(t) = / u'(s)ds +u(ty) < (¢ —t)u'(t) + u(ty),
t1
where t; > t; is sufficiently large. Hence
u' (1) >t Pu(t)’(1+0(1)) ast— oo.
Multiplying this by (v/(#)*)" and using equation (1.1), we see

(aw@wﬂﬂ

P ) >t Pp(t)(1+0(1)) ast— oco.

Integrating this on [t1,t], we obtain

au ()P

Pz > (1+0(1)Q(t) ast— oo,

that is
a+ 3

u'(t) > (1+0(1)) (

1/(a+B)
) Q)Y ast — 0.
Then, one more integration yields (3.2). O



Using this lemma, we can determine the asymptotic form of (ASL)-solutions of (1.1)
by Theorem 1:

Theorem 2. Suppose that (3.1) and
lim __ R a € (0,00) (3.3)

holds for some a.
(i) Let 0 < B < a. Then any (ASL)-solution u of (1.1) satisfies

1/(e+B)
u(t) ~ <a i 6) a P CHPDRE)  ast — oo.
oY

(ii) If (3.3) with a =1 holds, then any (ASL)-solution u of (1.1) satisfies

1/(a+p)
u(t) ~ <a+ﬁ> R(t) ast— oo.

(0%

Proof. Let us consider the equation

a—1_./\/ — R(t) g _
et = 0T

Since a P[R/(tQY(+P))f — 1 as t — oo, the coefficient function of this equation is
asymptotic to that of (1.1). Furthermore we notice that this equation has an (ASL)-

solution given by
1/(a+5)
x(t) = <O‘ +5 ) a Pl R(t).

(0%

(i) Since Lemma 2 gives

lim inf () > g P/(a+h), (3.4)
t—o0 x(t

Theorem 1 implies that u(t) ~ x(t). The proof is completed.
(ii) Clearly (3.4) with a = 1 holds, i.e., liminf; , u(t)/z(t) > 1. On the other hand
as in the proof of Theorem 1 we have

lim sup “&) < (limsup “(t)_ﬁy/a < (lim inf (@»WQ <1,

t—oo T(t) T\ tooo x(t)7F

1. O

Hence limy o u(t)/z(t

Theorem 2 yields the following corollary for equation (1.1) under condition (1.2) (Re-
call that in this case (1.1) has an (ASL)-solution if and only if 0 > g — 1.):

6



Corollary 1. Suppose that (1.2) holds.
(i) Let 0 < B < a. If o > 3 — 1, then any (ASL)-solution u of (1.1) has the asymptotic
form

u(t) ~ uo(t) = ét”, (3.5)

where ugy is given by (1.4).
(ii) If o = B — 1, then any (ASL)-solution u of (1.1) has the asymptotic form

1/(a+p)
u(t) ~ <O‘Zﬁ) t(log 1)1/,

Now we consider the case that Theorem 1 can not cover, i.e., the case where 0 < o < 3.
To show that v ~ ug under some additional conditions, we prepare several lemmas:

Lemma 3. Suppose that (1.2) holds with o > 3 — 1. Then for each (ASL)-solution u of
(1.1) we have

/ /

0 <liminf — <limsup — < oo and 0 <liminf — <limsup — < oo,
t—oo  Ug t—oo  Ug t—oo Uy t—oo Ug

where uy(t) = ét* is given by (1.4).

Proof. From Lemma 2, we see that there exists positive constant ¢; satisfying u(t) >
itk for large t. Substituting this estimate on the right hand side of equation (1.1) and
integrating the resulting inequality from ¢y to ¢, we obtain

u'(t) < eot® 1 u(t) < est®  for large t,

where ¢y and ¢3 are positive constants. After simple computation we also obtain u'(¢) >
cat*! for large t and positive constant cs. O

Lemma 4. Suppose that (1.2) holds with 0 > 3 —1. Let u be an (ASL)-solution of (1.1).
Putt =e* and v(s) = u(t)/uo(t). Then
(i) we have

0 < liminfv <limsupv < oo;

v =0(1); and
0 < liminf(o + kv) < limsup(v + kv) < 0o

§—00 $—00

for large s, where ~ = d/ds.
(ii) v(s) satisfies

b4 (2k — D)o + k(k — 1)v = k*(k — 1)(1 + &(s)) (0 + kv) 07", (3.6)

(iii) o = O(1) as s — 0.



Proof. (i) The boundedness of v and © is a direct consequence of Lemma 3. The last
relation follows from the formula © + kv = ¢t!~*u/ and Lemma 3.

(ii) We know by Lemma 1 that v(s) satisfies equation (1.5); and so (3.6) holds by (i).
(iii) This follows from (i) and equation (3.6).

Lemma 5. Let a > 1 and v(s) be as in Lemma 4. Suppose that (1.2) with o > [ — 1

and either
o t 2
/ # dt < oo (3.7)

or
/ \5'(15)\ dt < oo (3.8)
holds. Then foobzds < o0 and v — 0 as s — 0.

Proof. Since a > 1, we see that (0 + kv)'™® < k%!~ if v > 0, and (v + kv) ™ >
k=l if o < 0. Hence (0+kv) =0 < k=201~ for all sufficiently large s. Multiplying
(3.6) by © and using this estimate, we obtain

o0 + (2k — D* + k(k — D)oo < k(k — 1)(1 + &(s))v'~Po.

Without losing generality we may assume that a+ 3 # 2. Integrating the above inequality
from sy to s, we find
0(s)?

2

k(k —1)
2

+ (2k—1) /51')(7“)2 dr + v(s)? + ¢

S0

< k(k —1)v(s)?—o=F
- 2—a—-p

where ¢ is a constant. From Lemma 4 this inequality yields

+E(k—1) / () o(r) P o(r) dr,

50

s

(2k — 1) /s@(r)2 dr +O0(1) < k(k — 1)/ E(r)u(r)'==Fo(r) dr, (3.9)

S0 S0

as s — 00.
First we consider the case where (3.7) holds. We obtain

(2k —1) /S o(r)?dr +0(1) < k(k—1) S |E(r) ()= Plo(r)| dr

S0 S0

< o [ |E()lo(r)| dr,

S0

where c; is a positive constant. Invoking Schwarz’s inequality, we have

/s :i)(r)er +0(1) < o ( / e dr) 1/2 ( /S:O(TM) 3
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where c3 is a positive constant. Noting that condition (3.7) is equivalent to

/ £(s)?ds < oo,

we have [ 9%ds < oo. From the fact that ¢ is bounded and Lemma 6 in [5] we know
that v — 0 as s — o0.
Next when (3.8) holds, we note that (3.8) is equivalent to

/Oo E(r)| dr < oo.

In this case we can show that © € L?[sq, 00) by integral by parts. In fact, since

/5: E(r)o(r) e Po(r) dr = {%} L /: g(;)i(;—)z_;ﬁ dr = O(1) as s — o0,

S0 0

(3.9) implies that [ 9%ds < oo. This yields © — 0 as s — oo as in the previous case. O

Theorem 3. Let a > 1. Suppose that (1.2) with o > 5 — 1 and either (3.7) or (3.8)
holds. Then every (ASL)-solution w of (1.1) has the asymptotic form wu(t) ~ uo(t) where
ug is given by (1.4).

Proof. We will show that lims_,, v(s) = 1, where v is given in Lemma 4. Define an auxil-
iary function f by f(s) = (14+&(s))" @+ for sufficiently large s. Clearly lim, .., f(s) = 1.
Note that if v attains an extremum at some point s;, then we have

i(s1) = k(k — Du(s)[(1+&(s1))v(s1) ™7 —1]. (3.10)

Hence if © = 0 and v > f(s), then ¥ < 0 there, by (3.10). This means that only maxima
can occur in the region v > f(s). Similarly, in the region 0 < v < f(s) only minima can
occur. This observation plays an important role in what follows. The proof is divided
into two cases:
Case 1: v > 0 near +o00 or v < 0 near +o0;
Case 2: ¥ changes the sign in every neighborhood of +oc0.

Let Case 1 occur. In this case lim, ..ov = m € (0,00) exists by Lemma 4. Since
im0 © = 0 (from Lemma 5), letting s — oo in (3.6), we have

sh—{?oi} = k(k — D)m(m > —1).

This implies that ¥ has a positive finite limit as s — oo. This must be 0 since v = O(1)
as s — 0o. Hence m =1 (= limy_, v).

Next let Case 2 occur. In this case the solution curve v = v(s) must hit the curve
v = f(s) in any neighborhood of +o00. Hence neither 0 < liminf, . v < limsup, v <1
nor 1 < liminfs v < limsup, . v < oo can happen. To prove lim, ,.,v = 1, we
suppose to the contrary that this fails to hold. Then we find that

0 <liminfv <1 <limsupv < co; and liminfv # limsup v. (3.11)

§—00 S—00 $—00 §—00



If limsup,_,,, v = L > 1, there are two sequences {n, } and {&,} satisfying
En <M <&pt1, lim &, = lim 7, = oo;
v(&n) = (&), () = 0;
v(s) > f(s) n (&, mn);
0(s) 20 on [&y,nal;
lim,, . v(n,) = L.

Multiplying (3.6) by © and integrating the resulting equation from &, to n,, we see

—gite?+ @) [ o+ M

5 2 (U(nn)2 - U(fn)2)

=k(k—1) /nn<1 +E(r)) (1 + l;@((?))“"‘ v(r) = Po(r) dr.

én

Without losing generality we may assume that a+ (§ # 2. Since © > 0 on [&,,7,], we find
from the mean value theorem that there exists y, € (&,,7,) satisfying

/ "1+ E) (1 + ;}((g) ) ) dr

én

= (1 +&(yn)) (1+ O(yn) )M /nnu(r)l—a—%(r) dr.

kv(yn) én

Hence we obtain

—g0lE) + (2~ 1) /% a2 ar+ HEZ L

; 9 U(nn)2 - f(fn)Q)

_ /{Z(l{? —2 1_)2 j;(yn>) (1 + ]:U(ZZL))) - (,U(nn)2fafﬁ . f(érn)Qfafﬁ) )

Since f — 1,0 — 0 as s — o0, foo v*ds < oo and liminf, ., v > 0, we have by letting
n — o0 in this equation
L2 -1 L P 1
2 2—a-04
This equation holds only for L = 1, which contradicts the assumption L > 1. Hence
L = limsup,_, v(s) = 1. Similarly we can show that liminf, . v(s) = 1. These results
imply lims . v(s) = 1, contradicting (3.11). This completes the proof. O

4 Asymptotic forms of decaying solutions

In this section we deal with (D)-solutions of (1.1). There seems to be some difficulty
in analyzing asymptotic behavior of the (D)-solution of (1.1). Hence we can not derive
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general asymptotic formulas similar to that for (ASL)-solutions shown in Theorem 2. We
intend to establish asymptotic formulas of (D)-solutions under condition (1.2).

Lemma 6. Suppose that (1.2) holds for o < —a— 1. Then each (D)-solution u of (1.1)
satisfies

/ /!

0 < liminf — < limsupﬂ <oo and 0 < liminf —u/ < limsup —u/ < oo, (4.1)

t—o0 Ug t—oo Uo t—o0 _UO t—o0o —’LLO

where ug(t) = étk is given by (1.4).

Proof. We have

—w@w:(lmp@m@>ﬁ@)yﬁ (4.2)

Since u(t) is a decreasing function, we obtain for some positive constant ¢,

eS) 1/a
—u/(t) > ()~ (/ p(s) ds) > eyt oDy ()=l
t

which implies the first inequality of the first property of (4.1). Therefore (4.2) yields for

some constant cg > 0
() 1/a
0 < ([ ety )
t

which implies —u/(t) = O(t*~!) and u(t) = O(t*). The remainder inequality can be proved
similarly. O

Lemma 7. Suppose that (1.2) holds with o0 < —av — 1. Let u be a (D)-solution of (1.1).
Put v =u(t)/uo(t) and t = e®.
(i) We have

0 < liminfv <limsupv < o0;

v=0(1); and

0 < liminf(—o — kv) < limsup(—0 — kv) < oo.

S§—00

§—00

(i) v(s) satisfies

b4 2k — D)o+ k(k — Vv = (=k)*(1 — k) (1 + &(s)) (=0 — kv) 07", (4.3)
(iii) ¥ = 0O(1) as s — oo.
This lemma can be proved as in the proof of Lemma 4. Hence the verification is left

to the reader.
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Lemma 8. Let o > 1 and v(s) be as in Lemma 7. Suppose that (1.2) with o < —av — 1
and either (3.7) or (3.8) holds. Then [T ©?ds < oo and © — 0 as s — c0.

Proof. The proof is similar to that of Lemma 5. In fact, a simple consideration shows
that (—v — kv)'™*0 > (=k)* 01~ since a > 1. Therefore, by multiplying both sides of
(4.3) by v, we have

00 + (2k — )0 + k(k — Dod > (k) (1 — k) (1 + &(s))v' > Pp.

Proceeding exactly as in the proof of Lemma 5, we can establish the lemma.

Theorem 4. Let 0 < [ < a. Suppose that (1.2) holds for o < —a — 1. Then every
(D)-solution u of (1.1) has the asymptotic form u(t) ~ ug(t) where ug is given by (1.4).

Theorem 5. Let o > 1. Suppose that (1.2) with 0 < —a — 1 and either (3.7) or (3.8)
holds. Then every (D)-solution u of (1.1) has the asymptotic form u(t) ~ ug(t).

Theorem 4 can be shown by using Theorem 1 and Lemma 6 immediately. Theorem 5
may be proved in the same way as in the previous section. However, we will give a proof
of another type by using binomial expansion.

From the foregoing theorems we can determine the asymptotic forms of (ASL)-solutions
and (D)-solutions in some cases. But, unfortunately, we can not obtain them when o < 3
and o < 1. (See Example 1 given later.)

Proof of Theorem 5. It suffices to show that lims .., v = 1, where v is given in Lemma
7. We observe that (4.3) can be rewritten in the form

(=0 — kv)* ™+ (2k — 1)0(—0 — kv)* + k(k — 1)v(—0 — kv)*?
= (1= k) (—=k)*(1 + &(s))v".

Multiplying this by © and integrating the resulting equation from sy to s, we obtain

s

/S (= — ko) dr + (2k — 1) / P — ko)™ dr

S0 S0
+k(k—1) / vo(—0 — kv)* Hdr
S0

S

= (1—k)(—k)~ / v P0dr 4+ (1 — k:)(—k)o‘/ E(ryvPodr.

S0 S0

Since [*0%ds < oo and assumption (3.7) or (3.8) holds, the second integral on the left-
hand side and the last integral on the right-hand side are convergent. Hence we can
rewrite this formula simply in the form

s . a—1 s
(—k:)o‘_l/ v ! (1 + k“—v) dr + k(k — 1)/ vo(—0 — ko) tdr  (4.4)

S0
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—k)*(1 -k
= %U(S)lﬁ + La(s),
where L; is a continuous function having a finite limit as s — oco. (Assuming 3 # 1 here
loses no generality.) We will show from (4.4) that v has a finite limit as s — oo.

As the first step, we consider the first integral on the left-hand side of (4.4). Since
0/kv — 0 as s — oo, from the formula of binomial expansion, we obtain for sufficiently

large sq - a_l
(1+k‘v) =1+ Zd( ),3250,

where d,, = (o« — 1)(a — 2) -+ (o — n)/n!. Hence we see that

/S Ut 1 + = | " d ijzva_l S - / Ch d (4 5)
vov® r = — Vv r .
s k:v 2 2 Js

S0

+a;1/sovvva 2dr—|—/5 o (Zd ( )>

We may assume that a ¢ N. Since [~ 9?ds < oo, and v and ¥ are bounded, the first
integral and the second one on the right-hand side of (4.5) are convergent. We will show
that the last integral on the right-hand side of (4.5) converges as s — oo. To this end it
suffices to show that the estimate

Y

n=2

< ¢ ? (4.6)

holds for sufficiently large s with some constant ¢;. Let M; = M;(sy) = maxg>s, 0| and

My = Ms(sp) = mingsg, v. Then
(X
|| My

= dy®
2 G|

for some positive constant cy. If sq is sufficiently large, we see M;/|k|Ms < 1, for © — 0
as s — oo. From the fact

|| M/ [R[*HMT o —n = 1My M,
|| M7/ K[ MG El(n+1)My k| M,

as n — oo

we find that the infinite series Y oo, (|d,|M{~")/(|k|"My) absolutely converges. Hence
(4.6) holds near 400, and so the last integral on the right hand side of (4.5) converges as
s — oo. It follows therefore that (4.4) reduces to the formula

k(k—1) /s vO(—0 — kv)* tdr = WU(S)lﬂ + Ly(s), (4.7)

where Ls is a continuous function having a finite limit as s — oo.
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Lastly we consider the left hand side of (4.7). As before, this term can be rewritten

in the form
° (=11 = dpt™
1— k) (—k)® of14 dr.
(1—k)( )/vv ( T +;(k:v)" .

S0

Employing the same method as above, we can show that

e dy "

v Z ”
— (kv)

for sufficiently large s, where c3 is a positive constant. Hence (4.7) can be rewritten in
the form

< 031)2

(1 —k)(=k)"
14+«

e _ (R (A —F)
v(s) = T

where L3 is a function having a finite limit as s — oc.
From this identity we see that v has a finite limit: lim, . v(s) = m € (0,00). Since
0 — 0, letting s — oo in equation (4.3), we have m = 1. O

v(s)' ™7 + Ls(s),

Our results in this section and in Section 3 enable us to determine the asymptotic
forms of all positive solutions of (1.1) precisely if p(t) ~ t7:

Example 1. Let 0 < # < a and (1.2) hold.
(i) If 0 < —a — 1, then each positive solution u of (1.1) has one of the following
asymptotic forms as t — oo:

u(t) ~ uo(t);
u(t) ~ eq; or

u(t) ~ cat,

where g is given by (1.4), and ¢, co > 0 are constants depending on wu.
(ii) If —a —1 <o < 3 —1, then every positive solution u of (1.1) satisfies

u(t) ~ et

where ¢; > 0 is a constant depending on wu.
(iii) If 0 = 8 — 1, then every positive solution u of (1.1) satisfies

1/(e+5)
u(t) ~ (Oé;-ﬁ> t (logt)/e+h)

(iv) If o > 8 — 1, then every positive solution u of (1.1) satisfies
ul(t) ~ uo(t),

where vy is given by (1.4).

14



Example 2. Let @ > 1 and (1.2) hold. Suppose moreover that either

<1
Fie
t| t°
/ *|(r®)Y
tO’
holds, which are equivalent to (3.7) and (3.8), respectively. Then the conclusion of Ex-
ample 1 is still valid.

2
dt < oo

or

dt < oo

5 Uniqueness of decaying solutions

In this section we discuss the uniqueness of (D)-solutions of (1.1).

Theorem 6. Under the assumption either of Theorem 4 or of Theorem 5, (1.1) has at
most one (D)-solution.

To see this result we need the following lemma, which may be well known. However,
we give the proof, since we could not find a rigorous proof in any literature.

Lemma 9. Consider the 2-dimensional system
w = (A+ B(t)w+ f(t,w), t>t (5.1)

where A is a 2 by 2 constant matrix whose characteristic roots have all positive real
parts, B(t) = (bij(t))ij=12 s a 2 by 2 continuous matriz satisfying lim, .. B(t) = 0,
and f(t,w) = (fi(t,w))i=1,2 is a continuous vector satisfying lim,, o |f(t, w)|/|lw| =0
uniformly in t. If there exists a solution w(t) = (w;(t))i=12 satisfying lim; . w(t) = 0,
then w(t) = 0.

Proof. We suppose to the contrary that there exists a solution w such that lim; . w(t) =
0 and w(t) # 0. Let A\; and )y be the characteristic roots of A. Then there are three
possibilities for (A1, A2):

(1) )\1, Ay > 0, and A\ 7é )\2;

(i) A\, Ao & R, and A\; # Ag;

(111) AL = Xy > 0.

Let case (i) occur. We may assume that A = diag(\;, A\2). We then have

1d 1d

> (lwl*) = 5@@% +w3)

= Alwf + )\QU)S + (bnwf + ngU)S) + (bm + b21) w1 W2 + w1f1 + U)gfg.

Put A = min{\;, A2} > 0 and choose a § > 0 so small that A — (2++/2)§ > 0. Then there
is a t; sufficiently large satisfying

bis()] <6 and  [fi(t, w(t))] < dw(t)], ¢ >t
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for all + and j. It follows therefore that

Aw]? = 20|w]? — d|wl]/(Jwr] + [wal)?
> A= 2+ V20 |wl t >t

Hence we obtain |w(t)|? > |w(t)|? exp{2(A — (2+/2)8)(t —t1)}. Since ; can be chosen
so that |w(ty)| # 0, this implies that lim; .. |w(t)| = oo, which contradicts the fact
lim; ., w(t) = 0.

Let case (ii) occur. Put p = Re A; (> 0) and v = Im A; (£ 0). It is well-known that
there is a non-singular matrix P satisfying

plap=( " 7
_l/ M .

=50

losing no generality and we can obtain a contradiction by the same method as in case (i).
Finally let case (iii) occur. Assuming that A is not semi-simple loses no generality.
We observe that for any p # 0 we have

(o) ()03 4)

Hence we may assume that
(M0
=(55)

where § > 0 is a sufficiently small constant. Then we also have a contradiction as before.
O

DO |
|
~

a—
s
~—
(Y

So we may assume

Proof of Theorem 6. Let g(t) and h(t) be (D)-solutions of (1.1). By Theorem 4 or
5 we know that g(t), h(t) ~ ¢t*, where étf = uy(t) are given by (1.4). Furthermore, it is
easy to see that ¢'(t), h'(t) ~ ckth=1.

Put v = g/h and t = €®. Then v satisfies

U+

2h— h. 1—|—§<3) (o+a+1)s \l—a,, 1 —|—<§(S) (o+a+1)s : p\1—a, —0
U+ e (—h) v = AR (—0h — vh) " ™",

where © = d/ds and &(s) = (e®). From Theorem 4 or 5 we see that lims ., v = 1.
Moreover we can e@sily see tha't lim, oo ¥ = 0. Let us introduce the new variables x =
v—1,y=(—v—vh/h)* — (=h/h)*. Then x — 0, y — 0 as s — oo, and this equation

can be reduced to the system
.\ a1 l/a
n —h
y h )

g = (L+&(s))e 81 — (2 + 1)) + ay (1 — @> :

( .
h 1
P = W+l

h

h
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that is

& = —k<1+6l<s>)x—ﬂ(lwﬂs)f‘“wow%

g = a(=k)*(1 = k)14 E(s))(1 + 02(s)) (B + o(x)) + all = k(1 + d1(s))]y,

where 81(s) = (h/(kh))—1 and 65(s) = ¢ *(1+&(s))he ** —1. We note that (), d5(s) —

0 as s — c0. Let

e ( ) ) A= ( aﬁ(—k;k(l — k) _Elef)—l_i:{a > '

Then we can reduce this system to the form (5.1) and find that all the assumptions of
Lemma 9 are satisfied, since the eigenvalues of A given by

a—k(l+a)£{a—k(l+a)}2+4k(1 —k)(a+03)
2

have positive real parts. From Lemma 9 we obtain w = 0; that is g = h. This completes
the proof. O
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